We consider in this note the following question: given a closed Riemann n -manifold of constant scalar curvature, how can it be minimally immersed in the round (n + 1)-sphere? Our main result states that the immersion has to be isoparametric if the number of its distinct principal curvatures is three identically. This provides another piece of supporting evidence to a conjecture of Chern.
ON CLOSED HYPERSURFACES OF CONSTANT SCALAR CURVATURES AND MEAN CURVATURES IN S n+1

SHAOPING CHANG
We consider in this note the following question: given a closed Riemann n -manifold of constant scalar curvature, how can it be minimally immersed in the round (n + 1)-sphere? Our main result states that the immersion has to be isoparametric if the number of its distinct principal curvatures is three identically. This provides another piece of supporting evidence to a conjecture of Chern. 0. Introduction. Consider «^" osed the set of all the closed minimal hypersurfaces of constant scalar curvatures R in the unit round (n + l)-sρhere S n + ι . Let & n c R be the collection of all the possible values of such iϊ's. Chern [12] posed the following:
Chern Conjecture. For any n > 3, 3l n is a discrete subset of the real numbers. This is a very interesting conjecture in the theory of minimal submanifolds in spheres. To attack this problem, it will be most helpful if one has a good guess on what ^" osed is for each n . When n -3, from his work on the exterior differential systems R. Recall that there is one minimal hypersurface among each family of isoparametric hypersurfaces (cf. [9] ). All the closed minimal isoparametric hypersurfaces by definition are members of ^ζj osed and satisfy Condition (g). Conversely, it is straightforward to check that any M n G Λ^Xsed satisfying Condition (g) with g < 2 has constant principal curvatures and thus is isoparametric. When g = 3, as a consequence of the main result of the present paper, one has the following: When the principal curvatures are all non-simple, R. Miyaoka [7] exhibited that M n is isoparametric even without assuming the scalar curvature is constant.
Notations and the reduction of the proof.
Throughout the paper, we use A, B, C, ... , for indices ranging from 1 to n and denote by δ A β the Kronecker symbols.
For each point x e M n , let λ(x), μ(x) and σ(x) be the three distinct principal curvatures of multiplicities p(x), q(x) and r(x), respectively, at x.
In order to establish the Main Theorem, we need to show that all the three continuous functions λ, μ and σ on M n are indeed constant functions.
We first observe that all the three integer-valued functions p, q and r are constant integers.
Indeed, consider the following system of linear equations with p, q and r as unknowns:
where S is the square length of the second fundamental form.
Since λ, μ and σ are distinct everywhere, we can solve for p, q and r in terms of λ, μ, σ and S, which are all continuous on M n . This shows that p , # and r are constant as desired since they need to be integers.
REMARK. By the same argument, one can see that for Vg, Condition (g) always yields the constancy of the multiplicities.
Therefore, we can choose a local frame {e z , e a , e a ) where the indices /, a and a range from 1 to p, p + 1 to p + q and p + q + 1 to/? + tf + r (= n), respectively, such that the second fundamental form h = Σ A B h ΛB ω Λ ω B is given by
where for each integer s, we denote by I s the identity matrix of rank s, and {α>/, ω a , ω Λ } is the dual co-frame of {£/, e a , ^} .
Recall that the structure equations of M n are given by the following: 
= (λ-μ)ω ia , = (λ-σ)ω in , = (μ-σ)ω aa
Recall that A^^c is symmetric in all the indices since the ambient space S n+ι is of constant curvature and (cf. 
It follows that
, pdλ _ qdμ _ rdσ _ df_
where D = (σ -μ)(σ -λ)(μ -λ).
In the case when all the principal curvatures are non-simple, from the Miyaoka theorem [7] , we immediately assert that M n is isoparametric.
And the case when p = q = r = 1 was already verified by the author in [4] . It therefore suffices to show that all the principal curvatures are simple if so is one of them, say, r = 1.
To this aim, we need the following: The proof of this lemma itself will be given in §2. We will finish the current section by showing how to achieve our aim from the Key Lemma.
Consider Now suppose otherwise that r = 1 and pq > 2. From the Key Lemma, the left-hand side of (S) would vanish at x 0 and then When H Φ 0, since df =0 at both maximum and minimum points of /, it would follow that / = jj(S(S -n) + H 2 ) identically. From (#), this in turn would yield that λ, μ and σ were constant and then M n be isoparametric, contradicting the classification by Cartan. When H = 0, it would follow that S(S -n) = 0 and then M n be either an equator or a product of spheres, due to Chern-do CarmoKobayashi and Lawson [5, 6] , contradicting the assumption that g = 3.
2. Proof of the Key Lemma. At each point x e M n , denote by Y the p x q matrix (hi an ) e M pxq . We are supposed to show that Y = 0 everywhere if r = 1 and pq > 2.
We will employ the following [8] :
THEOREM [Otsuki, 1970] . 
where z is a smooth function on M n defined as
Let Y x denote the transpose of Y. In the form of matrix, the above equation reads as
Since Y £ M\ xq with q > 2, it follows that Y = 0 everywhere as desired.
Case 2. p > 2.
Arguing as before, we further have ϊ , a , β .
Again, since ?>2 we have Λ/ απ = 0, V/, α, i.e. Γ = 0 everywhere.
This establishes the Key Lemma and thus completes the proof of the Main Theorem.
